We present new evidence that the bright non-thermal X-ray emission features in the interior of the Cassiopeia A supernova remnant (SNR) are caused by inward moving shocks based on Chandra and NuSTAR observations. Several bright inward-moving filaments were identified using monitoring data taken by Chandra in 2000-2014. These inwardmoving shock locations are nearly coincident with hard X-ray (15-40 keV) hot spots seen by NuSTAR. From proper motion measurements, the transverse velocities were estimated to be in the range ∼2,100-3,800 km s −1 for a distance of 3.4 kpc. The shock velocities in the frame of the expanding ejecta reach values of ∼5,100-8,700 km s −1 , slightly higher than the typical speed of the forward shock. Additionally, we find flux variations (both increasing and decreasing) on timescales of a few years in some of the inward-moving shock filaments. The rapid variability timescales are consistent with an amplified magnetic field of B ∼ 0.5-1 mG. The high speed and low photon cut-off energy of the inward-moving shocks are shown to imply a particle diffusion coefficient that departs from the Bohm regime (k 0 = D 0 /D 0,Bohm ∼ 3-8) for the few simple physical configurations we consider in this study. The maximum electron energy at these shocks is estimated to be ∼8-11 TeV, smaller than the values of ∼15-34 TeV inferred for the forward shock. Cassiopeia A is dynamically too young for its reverse shock to appear to be moving inward in the observer frame. We propose instead that the inward-moving shocks are a consequence of the forward shock encountering a density jump of 5-8 in the surrounding material.
INTRODUCTION
Shock waves in young supernova remnants (SNRs) are excellent astrophysical laboratories for understanding the process of particle acceleration. An important observational advance was the imaging of synchrotron X-ray-emitting rims in SN1006 (Koyama et al. 1995) which strengthened arguments for the shock acceleration of electrons to TeV energies in the forward shocks of young SNRs. More recently, GeV and TeV γ-ray spectral observations have been shown to be well described by the decay of pions produced by energetic protons interacting with ambient gas (e.g., Ackermann et al. 2013) , providing strong evidence for proton acceleration in SNRs. From these studies as well as several others using a variety of different techniques, it is now widely accepted that electron and proton acceleration occurs in SNRs. Diffusive shock acceleration (DSA : Bell 1978; Blandford & Eichler 1987) in the forward shocks of remnants is the leading candidate for the process and can account for the majority of Galactic cosmic rays. On the other hand, observational evidence for particle acceleration at SNR reverse shocks, which propogate inward through the expanding ejecta, has not been clearly demonstrated, although there have been some theoretical studies (e.g., Ellison et al. 2005; Telezhinsky et al. 2012 Telezhinsky et al. , 2013 .
Cassiopeia A with an age of ∼ 350 yr (Fesen et al. 2006 ) is one of the most well-studied young Galactic SNRs. Non-thermal X-ray emission has been detected from both the outer rim and interior positions (e.g., Hughes et al. 2000; Vink & Laming 2003; Bamba et al. 2005; Helder & Vink 2008; Maeda et al. 2009; Grefenstette et al. 2015) . In particular, the brightest nonthermal X-ray emission comes from the western limb slightly interior to the forward shock position and is also strongly associated with TeV γ-ray emission (e.g., Aharonian et al. 2001; Albert et al. 2007; Maeda et al. 2009; Acciari et al. 2010; Grefenstette et al. 2015) . Those features naturally suggest efficient production of accelerated particles in this region, however, the origin of the energetic electrons in the interior of the remnant remains a mystery.
Radio and X-ray observations of Cassiopeia A have found that some features are moving back toward the expansion center (Anderson & Rudnick 1995; Keohane et al. 1996; DeLaney et al. 2004) ; we refer to these as "inward shocks". The inward shocks are concentrated in the south and west between azimuths of 170
• to 300
• . Helder & Vink (2008) have suggested that the bright non-thermal X-rays at the reverse shock region could be due to the locally higher reverse shock velocity(v s ∼ 6,000 km s −1 ) of the inward moving shock filaments. It was recognized even earlier that such high reverse shock velocities or inward moving filaments required a more complex structure for the circumstellar medium in the west. For example, Keohane et al. (1996) argued for a physical connection with a local molecular cloud based on strong radio and X-ray absorbing structures seen near the inward moving shocks (see also Sanders 2006; Hwang & Laming 2012 , for the X-ray absorbing structures). Recent millimeter observations have additionally suggested an interaction between the shock front and a nearby molecular cloud (Kilpatrick et al. 2014) . Such a high density cloud would also be consistent with the piondecay scenario for the γ-ray emission from Cassiopeia A. Finally, a shock-cloud interaction is considered to have a connection with the non-thermal X-rays (Sano et al. 2010 (Sano et al. , 2013 (Sano et al. , 2015 Inoue et al. 2012) . Although these various non-thermal features appear to be related, a unified picture for the western reverse shock region of Cassiopeia A has yet to be established. As a step in further understanding the particle acceleration properties in this exceptional region of the remnant, here we report new X-ray kinematic and intensity properties for bright inward moving filaments. Using long-term monitoring data from Chandra, we determine the proper motion and temporal flux variation for a set of six bright non-thermal filaments. We then combine this with results from hard X-ray measurements by NuSTAR to determine the physical properties (e.g., magnetic field, diffusion coefficient, maximum electron energy, and acceleration and cooling timescales) of the particle acceleratio process in these shocks.
OBSERVATION AND DATA REDUCTION

Chandra
The Chandra ACIS-S have observed Cassiopeia A several times since the launch in 1999 (e.g., Hwang et al. 2000 Hwang et al. , 2004 Patnaude et al. 2011; Hwang & Laming 2012; Patnaude & Fesen 2014) . The data used in our analysis are listed in Table 1 . We reprocessed the event files (from level 1 to level 2) to remove pixel randomization and to correct for CCD charge transfer efficiencies using CIAO (Fruscione et al. 2006 ) version 4.6 and CalDB 4.6.3. The bad grades were filtered out and good time intervals were reserved.
In order to align the images, we used the Central Compact Object (CCO) as a fiducial source. Because of lack of other certain fiducial sources around Cassiopeia A, we registered only the CCO for the alignment. First, we determined the CCO position using wavdetect imple- 1 Sky pixel value (1 pixel = 0.492 ).
mented in CIAO 1 . Next, shift values between two ObsIDs were computed with wcs_match script. By using these values, we finally updated the aspect solutions of the event files using wcs_update. We here used the ObsID 4638 as the reference of the alignment. The shift values are summarized in Table 1 . In the following section 3.2, we assumed official systematic errors of ∼0.5 2 for the positional accuracy although we aligned the images. Our image alignment using the CCO could reduce the uncertainties. However, there would still be other positional uncertainties (e.g., roll angle, proper motion of the CCO, etc.). For example, Fesen et al. (2006) have estimated a transverse velocity of 350 km s −1 for the CCO. This corresponds to a shift of ∼0.3 (< 1 pixel) for 14 years at the distance of 3.4 kpc (see Reed et al. 1995 , for the distance), which is within the systematic errors.
NuSTAR
NuSTAR, which is composed of two co-aligned X-ray telescopes (FPMA and FPMB) observing the sky in the (Harrison et al. 2013) , has observed Cassiopeia A with a total of ∼ 2.4 Ms of exposure time during the first two years after the launch in 2012 (see Table 2 ). The first hard X-ray imaging revealed 44 Ti distribution and morphology of >15 keV emission in Cassiopeia A for the first time (Grefenstette et al. 2014 (Grefenstette et al. , 2015 (Grefenstette et al. , 2017 . In order to compare the hard X-ray image (15-40 keV) with the Chandra image (4.2-6 keV), we analyzed all of the NuSTAR data. We reduced the data with the NuSTAR Data Analysis Software (NuSTARDAS) version 1.6.0 and NuSTAR calibration database (CALDB) version 20170503 to produce images and exposure maps for each telescope. All of the images were merged by using XIMAGE, taking into account the exposure maps (i.e., the unique time-dependent exposure and the vignetting function of the telescope) for each pointing. After the correction, we deconvoluved the merged image with the on-axis PSF image of the NuSTAR's telescope. We used arestore script in CIAO for the deconvolution. Following the method in Grefenstette et al. (2015) , we chose to halt the deconvolution after 50 iterations with a Richardson-Lucy method, and we obtained almost the same image as the published image (see Figure 1 ). For the NuSTAR imaging, the default aspect solution was used. 3. ANALYSIS AND RESULTS
Soft and Hard X-ray imaging
In Figure 1 (a), we show a difference image between 2000 and 2014 generated from Chandra data. Here we can see moving X-ray structures as previously reported (e.g., DeLaney et al. 2004; Patnaude & Fesen 2009 ). All of the forward-shock filaments which are located at the outer rim are moving outward. On the other hand, there are several filaments near the center and toward the west that are moving inward (such filaments are identified with green arrows in the figure). Those filaments are the same inward-moving features (inward shocks) as reported in DeLaney et al. (2004) . In particular, almost all the filaments toward the west seem to be inward shocks. By definition, the forward shock must always move to the outside of the remnant. Therefore, these inward shocks cannot be forward shocks seen projected on the interior of the remnant. In addition, part of the eastern region shows a uniform dark color (see a broken ellipse region in Figure 1 ). The eastern region is known to have a large contribution from thermal X-rays with a flux decline possibly due to adiabatic expansion (Sato et al. 2017) . The dark eastern region in this figure is just another view of the prominent flux decay of the thermal emission.
In Figure 1 (b), we show the 15-40 keV image with NuSTAR. As reported in previous studies (Willingale et al. 2002; Helder & Vink 2008; Maeda et al. 2009; Grefenstette et al. 2015; Sato et al. 2017) , most of the hard X-rays are located at the west and the center. Thus, we find a strong correlation between the inward-shock positions and the intensity peaks of the NuSTAR image.
In Figure 1 (c), we compared the NuSTAR image with the soft X-ray images (4.2-6 keV: continuum emission & 6.54-6.92 keV: Fe-K emission) with Chandra. As reported in Sato et al. (2017) , we can see a separation between the thermal X-ray distribution (Fe-K) and the hard X-ray distribution (which is spatially coincident with the inward-shock positions).
To clarify the motions of the shock filaments, we also compared images taken in 2004 (ObsID. 5320) and 2014 (ObsID. 14481) using a computer vision technique (optical flow). The dense optical flow algorithm we use is by Gunnar Farnebäck (Farnebäck 2003) as implemented in OpenCV 3.2.0
3 . This algorithm estimates displacement fields between two frames using quadratic polynomials to locally approximate the image flux. To reduce the noise, the estimate is made by averaging over local neighborhoods. Also, we here set statistical limits for the surface brightnesses. For the continuum and Si-K images, we ignore pixels whose surface brightness is < 1×10 −7 counts cm −2 s −1 and < 3×10 −7 counts cm −2 s −1 respectively, which corresponds to 1 counts with ∼ 50 ksec exposure time. Specifically, we used the calcOpticalFlowFarneback function with the following arguments: pyr_scale = 0.5, which specifies the image scale to build pyramids for each image, levels = 3, number of pyramid layers, winsize = 15, averaging window size, and poly_n = 5, size of the pixel neighborhood used for the polynomial approximation. As shown in Figure 2 , we can visualize the motion of filaments (or small knots) as vector maps over the entire extent of the SNR. In the vector maps (Figure 2 we can see clearly that large motions are not identified at low count-rate regions.
In the continuum band (Figure 2 (a) & (a')), the inward motions are concentrated in the interior. Indeed the positions of inward-moving features (blue spots in 2 (a')) are very similar to the locations of the hard Xray spots in Figure 1 (b), providing further support for a connection between them. On the other hand, almost all of the small structures in the Si-K band are moving to the outside of the remnant (Figure 2 
These indicate a clear difference in the character of motion between the ejecta and the non-thermal emission components.
In this current study, we employ the optical flow method to provide a largely qualitative view of the expansion of the thermal ejecta and non-thermal shock filaments in Cassiopeia A. A detailed quantitative study of the results is beyond the scope of this initial investigation, although in future work, we will determine the accuracy and robustness of optical-flow proper-motion measurements for determining the global kinematics of young SNRs. In particular, combining comprehensive proper-motion and radial velocity measurements will further improve our understanding of the threedimensional kinetics of young SNRs (e.g., DeLaney et al. 2010; Sato & Hughes 2017a; Williams et al. 2017; Sato & Hughes 2017b ).
Proper-Motion Measurements of the Inward-Shock Filaments
To measure proper motions of the inward-shock filaments, we extracted images from the box regions in Figure 1 and fitted with an image model. The fitting code used for this analysis was originally developed for proper-motion measurements for knots in Kepler's SNR (Sato & Hughes 2017b) . Here, we used the 2004 image normalized by the image in each epoch as the model because the observation in 2004 has the longest exposure time that is about 20 times longer than that of the other observations (see Table 1 ). For obtaining the best-fit shifts, a maximum likelihood statistic for Poisson distributions was used (C-statistics; Cash 1979), which minimizes
where n i,j is the counts in pixel (i,j) of the image in each epoch, and m i,j is the model counts based on the 2004 image. The fitting errors can be estimated in the usual manner since the statistical distribution of ∆C = C − C min is similar to that of χ 2 (Cash 1979 ). The fitting results are summarized in Figure 3 and Table 3 . We found that the best-fit positions of those 3 The distance to the remnant was assumed to be 3.4 kpc.
filaments are gradually shifting from the outside to the inside with large proper motion values: 0.129-0.219 yr −1 for the W filaments and 0.213-0.235 yr −1 for the C filaments. The best-fit x, y shifts and errors listed in Table 3 were determined by chi-square fitting with a linear function as shown in Figure 3 . In the fitting, the slope provides the x, y shift (arcsec per year) with the error coming from ∆χ 2 = 1.0. Using the values, we determined the proper motions and errors (see Appendix for the method). For the assumed distance of 3.4 kpc (Reed et al. 1995) to the remnant, we estimate the filament velocities to be ∼2,100-3,800 km s −1 . In the radio band, the kinematics of 304 knot structures over the entire remnant had been reported previously (Anderson & Rudnick 1995) . This work showed that the motions of many western knots deviated from that of knots in other regions and that some western knots were actually moving inward (see Fig. 5 and Fig.  6 in Anderson & Rudnick 1995) . In the X-ray band, continuum-dominated filaments with an inward motion were also found at azimuths between 170
• and 300 Laney et al. 2004 ). These features correspond to the inward shocks we found.
Flux Variations
Here we investigate the X-ray light curves of the inward moving filaments. First we extracted spectra from each epoch for each inward-shock filament using the CIAO specextract command. For the source regions, we used ellipse regions which included the bright filament structures. These regions were shifted with time for taking the proper-motion effects into account. The background regions were selected from nearby lowbrightness regions. The background-subtracted spectra were fitted in the 4.2-6 keV band using a power-law model in Xspec 12.9.0n (Arnaud 1996) .
We summarize the fitting results in Figure 4 . For all of the western filaments, over the ∼14 yr span of observation X-ray fluxes increased by up to ∼40-50 % and afterward decreased to the initial flux level from epoch 2000. Background photons in the extracted spectrum are less than 30 % of the total, and fluctuate by ±20 % (see black-broken lines in Figure 4 ). The change in the background rate from a uniform level could introduce a fluctuation in the filament's X-ray flux of at most ∼9 %. Even given this effect, significant time variations of the X-ray flux are still present. Time intervals of the monitoring observations would mainly influence on the estimation accuracy of variable timescales. The intervals are ∼ 2 yrs from 2000 to 2007 and ∼ 1 yr from 2007 to 2014. Therefore, the uncertainty of estimated timescales would be ± 2 yr for the W1 and W2 filaments and ± 1 yr for the W3 and W4 filaments. Even taking these errors into consideration, the timescales are very short. For regions W1 and W2, the timescales of the flux increase up to the maximum level (t in ) and decrease down to the initial level (t dec ) are t in ∼ t dec = 4 ± 2 yr. For regions W3 and W4, the increase times are longer than those at the W1 and W2 filaments. These filaments have a similar light curve although the W4 filament's one shows a little complex shape. As a representative of these, the W3 filament shows t in = 9 ± 1 yr and t dec = 4 ± 1 yr. On the other hand, regions C1 and C2 show little to no sudden change of flux; rather their fluxes seem to be gradually decreasing by ∼20-30 % over ∼14 yr time span. The variability of the non-thermal X-ray flux is Table 3 . The error bars show 68 % confidence level, which include the systematic errors of (σx, σy) = (0.5 , 0.5 ). The fitting (statistical) errors are much smaller than the systematic uncertainties. strongly related to the magnetic field (e.g., Uchiyama et al. 2007 ). The differences of the variable timescales seem be related to differences in the magnetic field strength at each region (this is discussed in section 4.2). Patnaude & Fesen (2007) and Uchiyama & Aharonian (2008) have already shown X-ray variations in small structures of the remnant using the first three epochs of Chandra observations. Regions W1 and W2 are nearly the same as regions R4 in Patnaude & Fesen (2007) and H in Uchiyama & Aharonian (2008) , respectively. Therefore, these are follow-up results for the past observations, and then the time variations are almost consistent with each other in the same time interval.
Spectral parameters in 2004 are summarized in Table  3 . We were not able to detect significant time variation in the photon indices. 
Thickness of the Inward-shock Filaments
We evaluate the spatial extent of the inward-shock filaments using Chandra's high angular resolution of ∼0 .5 (FWHM). We found all filament widths to be in the range 2 -4 ( Figure 5 ), which is very similar to the widths of the forward-shock filaments (1 .5-4 : Vink & Laming 2003) . The angular resolution of the Wolter type-I optics used for the Chandra's mirrors degrades at off-axis field angles. However, at the off-axis location of the inward-shock filaments (2 -3 ), the angular resolution is nearly consistent with that at the on-axis position 4 . Therefore, we are justified in ignoring the additional blur introduced by the off-axis effects for the shock thickness evaluation. At the remnant's distance of 3.4 kpc, the observational thickness is estimated to be ∼0.03-0.07 pc. We can estimate a synchrotron loss time from the widths by combining them with the plasma fow speed away from the shock front (see section 4.2 for this discussion).
DISCUSSION
We have shown that some bright filaments are moving inward with velocities of ∼2,100-3,800 km s −1 using all the monitoring data taken by Chandra in 2000-2014. These filaments cannot be located at the forwardshock position even when projection is considered because the forward shock must move outward. In addition, we found that those filaments are cospatial with hard X-ray hot spots seen by NuSTAR and additionally that these filaments show flux variations (both increasing and decreasing) on timescales of a few years. These results imply that the hard X-ray emission is related to non-thermal emission from accelerated electrons at the inward-shock regions where the magnetic field is high amplified. These results hold the hope of advancing our understanding of the mysterious non-thermal X-ray emission at the interior of Cassiopeia A and the particle acceleration that is taking place at these shocks. In this section, we discuss the implications of our results on the physical conditions at the inward shocks (section 4.1), the process of particle acceleration there (section 4.2) and the origin of the inward shocks themselves (section 4.3).
Inward Shock Conditions
Here we make the plausible assumption based on the location of the inward shocks (see Figure 1 ) that they are propagating through the inner ejecta. Thus their actual shock velocities in the rest frame of the ejecta should be higher than what we measure from the proper motions. Here, we define the shock velocity v s as
where v ej , v, R ej and t are the ejecta velocity, the velocity we measure, the typical ejecta radius and the age of the remnant. First, we consider the case where the inward shocks are propagating into cool freely-expanding ejecta. We adopt a value of R ej ∼ 5 × 10 18 cm, which was estimated from the typical reverse shock radius at the distance of 3.4 kpc (Gotthelf et al. 2001) , and then obtained an ejecta speed of v ej ∼ 4, 900 km s −1 for t ∼ 320 yr (the remnant's age in 2000). The inward shocks have measured proper motion velocities v from −2, 100 km s −1 to −3, 800 km s −1 , leading to shock velocity estimates of v s ∼ 7, 000-8, 700 km s −1 . Next, we consider a case where the inward shocks are propagating into previously shocked, and therefore hot, ejecta. In this case, v ej corresponds to the bulk expansion velocity of the ejecta. DeLaney et al. (2004) estimated an expansion rate of 0.2 % yr −1 for the ejecta component. Using this value and the same value of R ej as above, the expansion velocity is estimated to be ∼3,000 km s −1 (see also Holt et al. 1994; Willingale et al. 2002; Morse et al. 2004; DeLaney et al. 2010 , for the ejecta velocity). Now the shock velocities we infer is v s ∼ 5, 100-6, 800 km s −1 . In either case, the intrinsic shock velocity of the inward shocks is some ∼1-2 times higher than that of the forward shocks (4,200-5,200 km s −1 : Patnaude & Fesen 2009 ). The temperature of the medium (cool or hot plasma) into which the shock wave is propogating changes the conditions of the shock. Assuming first the cool ejecta as the medium, the sound speed (a few tens km s −1 ) is much lower than the shock velocity (∼7,000-8,700 km s −1 ) implying a high Mach number M 100. In this case, the shock compression ratio is r = 4. On the other hand, the Mach number of the shock could be much lower, if the inward shock is propagating into hot plasma with a high sound speed. Using a typical value for the electron temperature for Cassiopeia A (2 keV, e.g., Hwang & Laming 2012) , the sound speed c s and Mach number M are estimated to be c s ∼ 730 km s −1 and M ∼ 7-8 (for v s ∼ 5, 100-6, 800 km s −1 ), Then the compression ratio r = (γ+1)M 2 (γ−1)M 2 +2 is estimated to be ∼3.8 for γ = 5/3 and M = 7-8, which is close to the high Mach number limit of r = 4. In contrast, the forward shock propagates though the ISM, where both a high Mach number and high compression ratio are generally expected. We here note that effects of particle acceleration can produce a shock with a compression ratio greater r = 4 (e.g., Berezhko & Ellison 1999) . As relativistic particles are produced and contribute significantly to the total pressure, the shocked plasma becomes more compressible (γ → 4/3, r → 7). Additionally the escape of the highest energy particles would also further compresses the shock by carrying off energy, analogous to that case of radiative shocks (e.g., Eichler 1984; Berezhko & Ellison 1999; Ellison et al. 2005) .
A further complication for the shocked plasma in the remnant concerns the possibility that the electron and ion temperatures are not equilibrated. In the extreme case, the ions possess virually all of the thermal energy. Laming (2001) have calculated the time variation of the ion and electron temperatures for reverse shocks into pure oxygen ejecta for Cassiopeia A. Based on his results, we assume a plasma temperature of ∼ 46 keV, which is the ion temperature in the shocked plasma 150 yr after explosion 5 . Here the sound speed c s and the Mach number M are estimated to be c s ∼ 3,500 km s −1 and M ∼ 1.5-1.9. Also, the compression ratio is estimated to be ∼2 for γ = 5/3 and M = 1.7. However, it is possible that particles would not accelerated in this case because the Mach number is below the critical value of M < √ 5 for particle acceleration (Vink & Yamazaki 2014) . Columns 1 and 2 of Table 4 summarize the compression ratios and the shock velocities for the several cases we study here. Given the current state of knowledge, all of these cases offer plausible scenarios for the forward and inward shocks.
Determining the shock conditions more accurately requires measuring the ion temperatures via, e.g., thermal line broadening in the X-ray spectra. From Chandra grating spectroscopy of some bright knots (e.g., Lazendic et al. 2006) , ion temperatures were estimated to be quite low (the observed lines were narrow). Therefore, the high Mach number scenario may be realistic at least for some dense features. On the other hand, for diffuse extended sources like Cassiopeia A, it is difficult to measure the line broadening accurately using grating spectroscopy. In the future, observations with a X-ray calorimeter would be more powerful. For example, the high energy resolution (FWHM 5 eV) calorimeter onboard the Hitomi satellite measured line broadening of ∼200 km s −1 in the Perseus cluster (Hitomi Collaboration et al. 2016 and would have revealed much about the thermal broadening in SNRs, too. We await the launch of XARM, the recovery mission for the Hitomi satellite, to reveal the shock condition more accurately in Cassiopeia A.
The Diffusion Coefficient and Particle Acceleration in Cassiopeia A
In DSA, particles are accelerated by scattering multiple times across the shock front. Particle diffusion is characterized by the level of magnetic field turbulence. If the strength of the turbulent field is close to the unperturbed magnetic field strength (Bohm regime: δB ∼ B), particles can be efficiently scattered and accelerated (see a review : Reynolds 2008) . This situation is often assumed for particle acceleration in SNRs, although it might not be so in some cases (e.g., Parizot et al. 2006; Eriksen et al. 2011 ). In the following we follow Parizot et al. (2006) who characterize departures from the Bohm limit as k 0 = D 0 /D 0,Bohm , where D 0 is the diffusion coefficient at the electron cut-off energy. This parameter can be expressed in terms of the photon cutoff energy (E γ,cut = hν cut ), shock velocity (V 3 , in units of 1000 km s −1 ) and the compression ratio r as
The NuSTAR spectra above 15 keV showed photon cutoff energies for the forward shock and the reverse shock of 2.3 keV and 1.3 keV, respectively (Grefenstette et al. 2015) . We here assume the shock velocity and the compression ratio at the forward shock and the inward shock listed in Table 4 , which are estimated in the section 4.1. For the forward shock, the diffusion parameter was k 0 1.6, which is close to the Bohm regime, in both of the compression ratios (r = 4, 7). On the other hand, the inward shock shows departures from Bohm diffusion: k 0 3 (Table 4) . Stage et al. (2006) have already suggested a similar k 0 difference between the forward shock and the inward shock in their map of the electron cutoff frequencies in Cassiopeia A. The authors estimated upper limits to the diffusion coefficient and found that the forwardshock in the north, northeast, and southeast was close to the Bohm limit. These results agree with ours.
Using the coefficient k 0 and other observational values, we can also estimate the electron maximum energy E e,max , the synchrotron cooling timescale τ syn and the acceleration timescale τ acc as shown below (Parizot et al. 2006) ;
τ acc (30.6 yr) 3r
sh,3 , (6) where B 0.1 and E TeV are the magnetic field in units of 0.1 mG and the electron energy in units of 10 12 eV, respectively. At the forward shock region, B = 0.08-0.16 or 0.5 mG have been estimated by using the width of the rim of 1 .5-4 , and also the average magnetic field in the whole SNR was estimated to be B > 0.5 mG (Vink & Laming 2003; Berezhko & Völk 2004) . For B 0.5 mG, the synchrotron cooling timescale becomes comparable to the variability timescale of 4 yr at the reverse shock region (Uchiyama & Aharonian 2008) . Our results show almost the same timescale as that in Uchiyama & Aharonian (2008) . From these observational results, we assumed the typical magnetic fields at the forward shock and the reverse shock are 0.1-0.5 mG and 0.5-1 mG, respectively. Using these parameters, we newly estimate the acceleration parameters for both the forward and inward shocks of Cassiopeia A (Table 4) .
We find the maximum electron energy for the inward shock, E e,max = 8-11 TeV to be smaller than for the forward shock (E e,max = 15-34 TeV) even though the shock velocity at the inward shock is higher. This is because the inward shock has larger k 0 and B values. The variability timescales are also estimated to be shorter at the inward shock: τ syn ∼ 2-4 yr, τ acc ∼ 3-7 yr (efolding time), which is mainly due to the strong magnetic field of 0.5-1 mG. In section 3.3, we found the flux variations with timescales (for changing by ∼40-50 %) of t dec = 4 ± 1 yr and t in = 9 ± 1 yr for the W3 (and maybe also W4) region. These timescales are very similar to the predicted timescales for B = 0.5 mG. For regions W1 and W2, the timescales were estimated to be t in ∼ t dec = 4 ± 2 yr, which is also close to the time scale for a strong magnetic field of 0.5-1 mG. For regions C1 and C2, we found gradual flux declines of ∼20-40 % over ∼14 yr. Here, B ∼ 0.2 mG can well explain the flux-decline timescale. From these points, we note that differences of the variability timescales can be explained by difference in the magnetic field strength. In addition, we note that the time variation of spatially adjoining regions are similar to each other (see both Figure 1 and  3) . This tendency may also imply something about the difference of the magnetic field from region to region. For example, the radial positions of the inward shocks: R W1,W2 > R W3,W4 > R C1,C2 seems to be inversely related to the variability timescales: t W1,W2 < t W3,W4 < t C1,C2 . This tendency might suggest that magnetic field amplification has a dependence on the radial location of the shock within the remnant. In contrast, the variability timescales at the forward shock are much longer than at the inward shock. Sato et al. (2017) have shown the time variation of X-ray flux at the forward shock region is not significant: 0.00 ± 0.07 % yr −1 . The constant flux can be explained by the balance between acceleration and cooling even for both cases of high and low magnetic fields in Table 4 (see also Katsuda et al. 2010) . We leave for future work investigations into specific scenarios to account for the rapid flux changes that we see in some of the inward shocks.
The synchrotron cooling timescale can be also estimated from the inward-shock width, ∼0.03-0.07 pc, presented in section 3.4. The accelerated electrons are advected away from the shock at a downstream velocity V d = V sh /r during the synchrotron timescale, where r is the shock compression ratio. The size of the advection region is thus given by ∆R adv = V d × τ syn , where ∆R adv is the advection width. Although particle diffusion also expands the width, we simply constrain the observational width as ∆R obs ≥ V d × τ syn × P , where P is a projection factor. In the ideal case of a spherical Figure 6 . Synchrotron cooling timescale and observational shock width for the forward shock (black) and the inward shock (red) estimated from typical parameters in Table 4 .
shock, the projection factor is P = 4.6. Parizot et al. (2006) described the relation between the synchrotron cooling timescale and the observational width as
whereP and ∆R obs,−2 are defined asP = P/4.6 and ∆R obs ≡ ∆R obs,−2 × 10 −2 pc, respectively. Using equation (7) and the estimated parameters in Table 4 , the relation between the cooling time and the shock width was estimated (Figure 6 ). For a typical inward-shock width of 0.05 pc, the cooling timescale in the inward shock is 3-5 yr, which is consistent with the observed decay timescale and the predicted cooling timescale in the case of B = 0.5-1 mG (Table 4) . For the forward shock, the timescale is longer (∼10 yr) than that for the inward shock. This tendency is the same as the other observational timescale estimates (Table 4) .
Particle acceleration at reverse shocks have been studied in some theoretical work (e.g., Ellison et al. 2005; Telezhinsky et al. 2012 Telezhinsky et al. , 2013 . For all of the models, the maximum energy reached by particles at the reverse shock is always lower than at the forward shock. Also, recent deep γ-ray observations of Cassiopeia A with MAGIC have showed a clear exponential cut-off at ∼ 3.5 TeV (Guberman et al. 2017) , which implies only modest cosmic-ray acceleration to very high energy for the hadronic scenario. From the observations, Cassiopeia A is considered not to be a PeVatron (PeV accelerator) at its present age. Both theoretical and observational studies suggest that particle acceleration at the reverse shock (inward shock) in Cassiopeia A could not produce the high energy particles (protons) up to "knee" energy (∼ 3 × 10 15 eV) even if the shock has as high a shock velocity as shown in section 4.1. On the other hand, the reverse shock region is propogating into a metal-rich environment produced by supernova nucleosynthesis. If such elements were accelerated by the reverse shocks, the cosmic-ray composition would be affected. Therefore, particle acceleration at reverse shocks are important for understanding the cosmic-ray abundances.
The Origin of the Inward Shocks
For SNR expansion into an ambient medium with a constant or gradually declining density profile (e.g., ISM, CSM), it is not possible to explain an inward moving reverse shock (in the observer frame) for an evolutional phase that describes Cassiopeia A. In such a young evolutionary phase, the reverse shock must expand outward. As an alternative explanation for the inward shocks we consider a "reflection shock" produced by the forward shock interacting with a density jump in the ambient medum. Hester et al. (1994) . The black and red curve show the velocities of the transmitted shock (that is propagating through the cloud) and reflection shock, respectively. Blue area shows the range of the velocities of the western filaments in this work: ∼2,100-3,800 km s −1 .
The reflection-shock conditions can be calculated using a simple fluid equation (Hester et al. 1994) . We here assume a density of ambient medium before the encounter with the density jump as ρ 0 . The density jump ρ 1 is defined as ρ 1 ≡ αρ 0 . Then, the forward shock density ρ 2 is described as ρ 2 = 4ρ 0 from the RankineHugoniot relation. After the encounter, a contact discontinuity is made by the interaction. Upward materials are compressed by 4ρ 1 , and then downward materials are pushed back (see also Inoue et al. 2012) . Figure 7 shows the estimate of the reflection shock speed using Hester et al. (1994) . We assumed the forward shock is interacting with the density jump with the speed of 5,200 km s −1 . In order to explain the inward-shock velocities, we require that the forward shock be interacting with a surrounding material whose density is 5-8 times higher than that of a ambient medium elsewhere. Kilpatrick et al. (2014) . A distance between the reverse shock and the forward shock is ∼ 0.7 pc at the western region.
A local molecular cloud would be a good candidate for explaining such an enhanced density structure around the remnant. Millimeter observations in 12 CO and 13 CO J = 2-1 (230 and 220 GHz) with the Heinrich Hertz Submillimeter Telescope indicated the existence of the molecular cloud around Cassiopeia A (Kilpatrick et al. 2014) . In particular, the inward-shock regions seems to overlay with the fastest gas (−50 to −45 km s −1 ) and the slowest gas (−39 to −34 km s −1 ). We show a schematic diagram of the shock-cloud interaction in Figure 8 . As shown in this figure, the inward shocks seems to be shifting radially against the distribution of the molecular clouds. Here, we can estimate the time when the forward shock first hits the cloud and pushes the reflection shock into the ejecta. Dividing the distance between the forward shock and the inward shocks (∼ 0.7 pc, see Figure 8 ) by their velocity difference of ∼ 7000 km s −1 , it can be estimated to be < 100 yrs ago. This is much shorter than the age of the remnant (∼ 350 yrs old), providing us with a further support that the inward shocks are reflection shocks by the western cloud. Not only the western filaments but also the filaments at the central position (e.g., C1, C2) might be also related to the shock-cloud interaction. For example, the high-speed CO gas (−46 to −49 km s −1 ) is concentrated in filamentary structure to the south and southeast of the remnant. The locations are very close to the positions of the central inward shocks (see Figure 3 right in Kilpatrick et al. 2014) .
However, it is difficult to confirm the shock-cloud interaction. Kilpatrick et al. (2014) have argued for a shock-cloud interaction around the western and southern rim using the broadened CO lines (see Fig. 4 in Kilpatrick et al. 2014) . As a matter of fact, their locations are a little different from the inward-shock positions. Future observations with the Nobeyama 45-m Telescope will be helpful in studying the shock interaction with the molecular cloud.
12 CO observations with the telescope would have good spatial resolution (∼ 17 ) able to reveal more small structures and the relation with the X-ray distributions (Inaba et al., private communication) . For example, in the case of RX J1713.7-3946, non-thermal X-rays which are enhanced around CO and H I clumps have been found (e.g., Sano et al. 2010 Sano et al. , 2013 Sano et al. , 2015 . They suggested that the amplified magnetic field around the CO and H I clumps enhances the synchrotron X-rays and possibly the acceleration of cosmic-ray electrons. In the theoretical view, the amplified magnetic field could be explained as one of features of the shock-cloud interaction. Inoue et al. (2012) have investigated cosmic-ray acceleration assuming interaction with clumpy interstellar clouds using threedimensional magnetohydrodynamic simulations. They predicted a highly amplified magnetic field of ∼1 mG caused by a turbulent shell due to the shock-cloud interactions. Then, the short-time X-ray variability was predicted at the same time. This supports well our observational results in Cassiopeia A as discussed in the section 4.2.
CONCLUSION
The bright non-thermal X-ray emission in the interior of Cassiopeia A has been one of the most enigmatic features of the remnant since the earliest observations by Chandra. Even as basic a fact as the type of shock (e.g., forward shock, reverse shock or something else) has remained obscure. In this paper, we put forth new evidence that the interior non-thermal emission originates in an "inward shock" through new analyses of archival Chandra and NuSTAR observations. We identified inward moving filaments in the remnant's interior using monitoring data by Chandra from 2000 to 2014. The inward-shock positions are spatially coincident with the most intense hard (15-40 keV band) X-ray emission seen with NuSTAR.
We measured the proper motions of the inward shocks, which equate to speeds of ∼2,100-3,800 km s −1 for a distance of 3.4 kpc to the remnant. Assuming the shocks are propagating through the expanding ejecta (which is itself moving outward), we determine that the shock velocities in the frame of the ejecta could reach up to ∼5,100-8,700 km s −1 , which is ∼ 1-2 times higher than that at the forward shock. Additionally some of the inward-shock filaments showed flux variations (both increasing and decreasing) on timescales of just a few years. We find that the high shock velocity combined with a high magnetic field strength (∼ 0.5-1 mG) in the reverse shock region can explain the non-thermal properties well. At the same time we are able to constrain the diffusion coefficient and find that diffusion at the reverse shock is less efficient (k 0 3) than that of the forward shock (k 0 1.6). Expressed in terms of magnetic field turbulence, we find (as do others) that the turbulence at the forward shock approaches the Bohm limit, while at the inward shocks turbulence is less well developed.
As to the nature of the inward shocks, we propose that they are "reflection shocks" caused by the forward shock's interaction with a density enhancement in the circumstellar medium. A density jump of a factor of 5-8 reproduces the observed inward-shock velocities. Previous works have shown evidence for a local molecular cloud on the western side of Cassiopeia A with some indications of an interaction beyween the cloud and the remnant's shock. Further investigations into the shockcloud interaction will be useful to deepen our understanding of particle acceleration in Cassiopeia A.
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where I 0 is the modified Bessel function of the first kind with order zero. This distribution function is bounded at zero and is asymmetric, especially when µ/σ 2 is small. Hence the naive estimate for the magnitude of proper motion just introduced is biased high. In order to account for this bias, we use the Rice PDF.
The mean of the Rice PDF is µ = σ π/2 exp(−µ 2 /2σ 2 ) 1 F 1 (3/2; 1; µ 2 /2σ 2 ),
where 1 F 1 is the confluent hypergeometric function. This can be expressed in terms of Bessel functions (e.g., Talukdar & Lawing 1991) as µ = σ π/2 e −x/2 [(1 + x)I 0 (x/2) + xI 1 (x/2)] (A3) with x = µ 2 /2σ 2 . The variance of the Rice distribution is given by
To obtain an unbiased estimate for the proper notion we solve Eq. (A3) for µ by setting p = µ . Eq. (A4) is then used to determine the uncertainty on the proper motion.
